
Final Exam
Math 353
Summer Term I, 2014 Name:
Thursday, June 26, 2014
Time Limit: 3 hours

This exam contains 11 pages (including this cover page) and 10 questions, plus a table
of Laplace transforms at the very end. The total number of points on this exam is 120.

Your are allowed to use a calculator on this exam, though it is not really necessary. While
this is a closed book exam, you are allowed to use your one page review sheet, front and
back, written in your own handwriting.

Show all of your work (on the backs of pages, if necessary) and circle your answers. If
you do not completely solve a problem, explain what you do understand about it. If you
would like to guess about a problem, clearly say so. This will maximize your partial credit.
No collaboration on this exam is allowed. Good luck!

Grade Table (for teacher use only)

Question Points Score

1 12

2 12

3 12

4 12

5 12

6 12

7 12

8 12

9 12

10 12

Total: 120
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1. (12 points) Find the inverse Laplace transforms of

(a) F (s) = e−s

3s

(b) F (s) = 7
s2−4s+5

(c) F (s) = 6s2

s4−1
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2. (12 points) Find the solution to the initial value problem

y′′ + 4y = δ(t− π) − δ(t− 2π), y(0) = 0, y′(0) = 0,

where δ is the Dirac delta function.



Math 353 Final Exam - Page 4 of 11 Thursday, June 26, 2014

3. (12 points) Find the general solutions to the following differential equations.

(a) ty′ + 2y = t6

(b) y′′ − 4y′ + 5y = t
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4. (12 points) Find the general solutions to the following differential equations.

(a) dy
dx

= 3x2+4x+2
2(y−1)

(b) dy
dx

= y−4x
x−y (Hint: Let v = y

x
and transform this to an equation for v(x).)
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5. (12 points) Consider the first order differential equation

(3x2y sin y + y2exy) + (x3y cos y + xyexy)
dy

dx
= 0.

(a) Find an integrating factor which makes the above differential equation exact. (Hint:
The integrating factor is a function of y.)

(b) Find the solution to the differential equation with y(1) = 1. (An implicitly defined
solution is fine.)
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6. (12 points) By expanding in a power series around x0 = 0, find an everywhere analytic
solution to

x2y′′ + y′ − 2y = −1,

with initial conditions y(0) = 1 and y′(0) = 1. Compute the first 5 terms of the power
series solution and express the solution y(x) as simply as possible. (Hint: Consider the
constant terms on both sides of the equation separately from the rest of the power series
expansion.)
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7. (12 points) Let

f(x) =
a0
2

+
∞∑
n=1

an cos(nπx), where an = 2

∫ 1

0

x cos(nπx)dx.

(a) Is f(x) an even function, an odd function, or neither?

(b) What is the period of f(x)?

(c) Graph f(x) for −5 ≤ x ≤ 5.

(d) What is f(1.5)?



Math 353 Final Exam - Page 9 of 11 Thursday, June 26, 2014

8. (12 points) Consider the heat conduction problem

9uxx = ut, 0 < x < 1, t > 0

ux(0, t) = 0, ux(1, t) = 0, t > 0

u(x, 0) = 2 cos(πx) − cos(2πx) + 3

(a) Find the solution u(x, t).

(b) What is the steady state solution as t goes to infinity?
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9. (12 points) Find the solution u(x, t) to the wave equation problem

uxx = utt, 0 < x < π, t > 0

u(0, t) = 0, u(π, t) = 0, t > 0

where

u(x, 0) = 5 sin(2x)

ut(x, 0) = 3 sin(x).

for 0 ≤ x ≤ π. (Hint: Break this up into two separate problems.)
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10. (12 points) Bonus Problem

Suppose that φ1(x) and φ2(x) are two eigenfunctions of the Sturm-Liouville problem

[exy′]′ − f(x)y + λy = 0, y(0) = 0, y(1) = 0,

for some fixed f(x), with eigenvalues λ1 = 1 and λ2 = 2, respectively. Prove that∫ 1

0

φ1(x)φ2(x) dx = 0

directly by using the above given information, WITHOUT quoting Lagrange’s identity
or any theorems from the book. You may, however, find that the proof of Lagrange’s
identity is very relevant to the above problem. (Hint: Your answer should have two
integrations by parts in it.)


