Final Exam, Math 421
Differential Geometry: Curves and Surfaces in R?

Instructor: Hubert L. Bray
Thursday, May 5, 2016

Your Name: Ke

Honor Pledge Signature:

Instructions: This is a 3 hour, closed book exam. You may bring one 8%" x 11" piece
of paper with anything you like written on it to use during the exam, but nothing else. No
collaboration on this exam is allowed. All answers should be written in the space provided, but
you may use the backs of pages if necessary.

Express your answers in essay form so that all of your ideas are clearly presented. Partial
credit will be given for partial solutions which are understandable. If you want to make a guess,
clearly say so. Partial credit will be maximized if you accurately describe what you know and
what you are not sure about, Each problem is worth 12 points. Good luck on the exam!

Question Points Score

1 12
2 12
3 12
4 12
5 12
6 12
7 12
8 12
9 12
10 12

Total 120




Problem 1. Consider the curve parametrized by

at) = (t° +t, 26° + 2t, CEmmEs. 3%3 + 3*«)

(a) What is the speed of a/(¢)?

= lo('('({)\ :--\ (|,2)3> '(3;@—#0)
=14 - (383D

(b) What is the curvature of «(t)?

oL(t) = F:x)(1,2 ,3) parametnze s

o- line, So K=0O.

(c) Find a unit speed reparametrization ((s) of this curve.

pB) = -\%-(/,2,@

(d) Define a surface on which 3(s) is a geodesic.

Any plane whick corkins BE) , for example
-y =0,
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Problem 2. ]{
]
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(a) Define the Euler characteristic of a surface.

X =F-E+V

(b) Prove that the Euler characteristic of a triangulation does not change when a vertex is added,

or when an edge is added.
e | B

E—=E+

FE—Fr
X s uncharged. |

(c) What is the Euler characteristic of this surface?

—
g Qﬁ) O
\W:D Since +here are

3 misting faces.

(d) What is the average value of the Gauss curvature of this surface of total area 10? You may

assume that the boundary curves are geodesics.
(TKdA + (xds = 2T
T

sotp  2-l-l=[-(=-2

(TKap = =4




Problem 3.

(a) Compute the Euler characteristic of a torus (surface of a donut).

(b) Prove the following connect sum identity for Euler characteristics,

X(A#B) = x(A) + x(B) — 2

where A and B are compact surfaces with boundary.

Given AV largulecipns on

e pmove N yertees

e 100 o e e
Yo gdt a-inngulstion on Caneale owf
(O STY) with 2 fanecres thon befre.

o (c) Use parts (a) and (b) to compute the Euler characteristic of a surface of genus g (the surface
of a donut with g holes in it). Prove that your answer is correct.




Problem 4. The image on the left is a regular pentagonal tiling of the unit sphere (analogous
to the image on the right, where flat space is tiled by hexagons.) To be clear, all of the angles
in the left image are the same and all of the sides (each of which are geodesics) have the same
length.

Given that the unit sphere has Gauss curvature K = 1, what is the area of each of the pentagons?

(You may not use the fact that an icosahedron has 12 sides, without proof, nor do we recom-

mend that you pursue that direction. You may, however, use some version of the Gauss-Bonnet
theorem.)

{Rdp + S + Z(v- %) = 2N

'fﬂééfo(: ed)g oS of
?Eh‘\ﬂgoﬂ P M\&agm . ,

KA+ O+ 5E=2m
KA =%

p =%
e K= 1)

Sih



Problem 5. The image on the left is a regular heptagonal tiling of hyperbolic space (analogous
to the image on the right, where flat space is tiled by hexagons.) To be clear, all of the angles
(as measured in hyperbolic space) in the left image are the same and all of the sides (each of
which are geodesics) have the same length. (Geodesics are straight lines in the Klein model of

hyperbolic spacc, deplcted below.)

Given that hyperbolic space has Gauss curvature X = —1, what is the area of each of the
heptagons?

Again, sivce all +he_ angles are equad, ard 3 angles
ada\ \4@% 27, the. inderior ar\@/&? are af 24,

[T KdA +S“% + 2 (-3 = AT

Lice 0@ o edges of
hep heptagon

A+ O e = AT
Kn = -X

A
(S‘ame K="l

!

wig



Problem 6. Define a geodesic of a surface M to be any curve «(t) on M such that o’ (¢) is
perpendicular to M.

(a) Prove that a geodesic has constant speed.

% ) ') = Qolf)eol'#) =0

ance o’ LM and hence oL ot/

(b) Give the definition of geodesic curvature for a general curve on a surface.
y ( rotation of T
VR, = o) - T | L
/’3 L , el

e = lot]

g7

9}»@@&
@—9 cuf

(c) Prove that a geodesic has zero geodesic curvature.

) LM, s X TCTI=0.
Hence, % = O,

(d) Suppose « is a geodesic on the standard unit sphere. Prove that it is contained in a plane.

@Wﬁdmk (likethe eguoctor
CL\\ @ma&' circes are @eac/ei’lﬁc&, Since —the
iniHal pasihion and inital direction da%fm//)éf"éh
geodesc, and Gince all il positons ard d /m‘d/WU’
Correspond o Some greal drde, all 9w/@.r/c§
are great circleg which by defmifion are
contained in o phne Jeing %M@A Ho orim,



Problem 7. Spp e a is a geodesic on M and is also contained in a plane P. Prove that o
is also a line of curvature of M. (R all that a line of urvature is any curve whos t ngent
directio T eigen t of the shape operator tc ery point.)

\/\/a%o@:{- lose me geném/zﬁ/ we Suppose X(s) j°
o unit speed geodesic,  Then

) =T = kN L M <& N= j:(/(

Lots choose (L= N.
Stnce oK) ig n ap/a,neJ T=0. Hence,

N = =XKT + R

NE) = —xT
VW = =XT
S,(T)=xXT

T A Q,(ge,/\.l/‘éaldf‘ 070 %é.
H@/NQ} | s o



Problem 8. Given a coordinate chart with /' = 0, define 51 = %/ VE and 52 =T,/ \/@ as
an orthonormal frame on the surface, as usual. Let 8(s) be any unit speed curve. Using the
definitions of the quantities below, prove that

Ky = % + wa1 (8'(s)),

where 6(s) is the angle that '(s) makes with & (in the direction of &).

T = F’(;) = et cos6(s) E + <in 66) - £, hdd
@”(J‘) = (o8 6 ‘%f(;)a * Lin @(I)‘%&g?“
— Qin 66) - éZx)a + Coc0ls) « O¢)E,

Jo—%

Suwﬁﬁ v)@f@) 80 = wz.t ({l’[”) é:
Tpn & = -WalpeE, o oet

o

e (ot o
= K WD by def. oF % 100

But UxT = A x (cw.@(.r) 2 -+ .S“iﬂ@(f)gJ
= ot 06)(E)+ snelO (-8) =

—~d T
K 4§

Honce, |7, = B0 + wa, (#6)

]




Problem 9. Prove the Gauss Bonnet Theorem for a Disk u

gth identjty from problem 8.
Show all steps.

R(S) =X (wts), ()
0y (Pe) = @ZB(:) ér) €, 3B E UL ><’u+v5f>2,

= (we (@ +v'm(ﬁ) ) R

Yo" X S Ry (O
- Lif(s‘) WY g/ (g/) uv v 0= F,* Y X, + X Ky
\/—-é \/.ETG' XW.' Xy = -Xu' Xaw
! E / z*l Ko,
= W(s) (WNEE*)H/(S)(ZFJ ?_éxux)
: - %ds = _ "2
‘T}\ULQ QW vg <ﬂ )C{ X\JN .Xu = %(XV‘XVL
- -, (f)as
- bb(ds Xﬂ)ﬁls § a \ - %

"y cis zm) %(%]dg |

- Ev _ G d\/
géb 206 du 2&"’
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Problem 10. For this problem, you may use the first variation of area formula
A0) = — / o2H (U - V) dA,
M

where A(s) is the area of the surface M (s) which, at s = 0, has unit normal vector [/ and mean
curvature H, and is flowing with velocity V' as s increases. (The above formula is true as long
as V' = 0 on the boundary of M, which is all you will need for this problem.)

(a) Prove that a soap bubble, which minimizes area A among all surfaces which enclose a given,
fixed volume Vj of air, must have constant mean curvature everywhere.

O = \/,(6>'~: _g;/\ a‘v dA 1< M%M(M +o

orecerve velume,
Lok YS&V Then ee=a o S bubble has
= Alp) = — QH’?O‘A 'Qfﬂ‘—j{‘? “‘)HJ\
O =A0 g » j;'?&dA-'-"-Q
w _
Choote 7. = H-H , whore \—lﬁ-}i—&HJA Then

\
O =Alo) = ”Qf H(H H) dA §(H-man=

= =2, (W) if"‘H) RO-D
-2§M(H-—H)om = H = f=cn

i




(b) Now suppose that two round bubbles bump into each other, forming a “double bubble” as
drawn. Double bubbles minimize the total area A = A; + Ay + Ay of the bubble among all
configurations which enclose two separate fixed volumes, V, and V5, of air.

4l

By part (a), each of the three sections of the double bubble must have constant mean curvature. ( H I, ”gz’ Hz)
In fact, each of the three sections of the double bubble are parts of spheres (unless Vi = V; as
in the picture on the left, in which case the middle section is a plane).

The image on the right is a cross section of a double bubble. Suppose the radius of the leftmost
spherical portion is 3 and the radius of the rightmost spherical section is 2. What is the radius
of the middle spherical portion?

R sointing b Hhe left en o/l 3 porcton
(;Phoﬁ; Aouzafa. bubble, Lot n = LV as befere,

Label—the 3pertons B M, [left), M [right),
ard M., (conttr). Then o prefere. volumes

mdh = | mdA = 7dh =T ond,




