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Introduction
The Fourier series essentially divides a signal (periodic) into a sum of cosine and sine
waves (sinusoidal in nature). Ideas of breaking a periodic signal into a sum of cosine and
sines go back to the 3rd century BC. It makes understanding signals very easy as it allows
one to see what frequencies are present in a signal and in which proportions. This
property allows us to block certain frequencies if they are unnecessary to save memory or
allow us to increase the quality of the signal. Hence, now computers can identify signals
by analysing what frequencies are present and in which proportions. [2][7]

History
Joseph Fourier was born on March 21, 1768. Fourier was always interested in
mathematics as a subject. The invention of the series came when Fourier described heat
conduction in bodies with infinite series later on and now known as the Fourier series.
Originally the Fourier series was meant to only be applicable to the heat equation but
then its usage was seen in other fields like signal processing, image processing, etc. Fourier
series had an another variant the Fourier transform which was an extension of the idea
associated with the Fourier series.[1][6]

Fourier Series

Joseph Fourier [8]

The Fourier series represents a periodic (having a period) function as the sum of sine and

cosine waves (sometimes infinite waves). The series utilises the orthogonal relationship
between the sine and cosine waves. [4]
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Orthogonal Functions
Orthogonal Functions are functions when multiplied together have the inner product
equal to 0. The inner product of ⨍1 and ⨍2 on [a, b] is defined as : [5]

Inner Product [5]
Basically, the area under the curve when ⨍1 and ⨍2 are multiplied. Now for these
functions to be orthogonal the inner product of these two functions has to equal zero. An
example of this follows:

Orthogonal Function [5]
As seen in the example from (-π, π) functions ⨍(x)=sin(3x) and g(x)=cos(3x) are orthogonal
as when multiplied their inner product is equal to zero. The picture below visualises the
above example.

Orthogonal Function [6]
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As seen in the example above the function cos(2πx) and sin(2πx) are multiplied and the
resulting functions integral is equal to zero. The areas shaded under the yellow curve adds
up to zero as it equally positive and negative so then cos(2πx) and sin(2πx) are orthogonal
to each other. [5]
Basics
The basic concept behind the Fourier series is that:

Periodic Function with period=2π [3]
This function above can be represented with sinusoids having weights attached to them to
show which frequency is in what amount.
⨍(t)=a0 + a1cos(t) + a2cos(2t) + a3cos(3t) +….
+ b1sin(t)+ b2sin(2t) + b3sin(3t)….
One can see coefficients a0, a1, a2, a3, b1, b2, b3 these represent the weights attaches to the
particular sinusoids. So if a1 is greater than a3 there is more of cos(t) than cos(3t). The
different multiples of (t) represent different frequencies involved as this periodic function is
not smooth so it will contain different frequencies of sine and cosine waves. The (t) has a
frequency of 1/2π whereas (2t) has a frequency of 1/π and so on. The Fourier series is
used for functions which are periodic (oscillate up and down within a period).[3]
Calculating the first coefficient
⨍(t)= a0
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+ a1cos(t)

+ b1sin(t)

+a2cos(2t)

+ b2sin(2t)

…

…

+ancos(nt)

+ bnsin(nt)

This is the Fourier series re written. Now we shall find the a0 term for the periodic
function above with period 2π. First, we will take the definite integral (area under the

Definite Integral of both sides [3]
curve) of both the sides. The right-hand side could contain infinite terms and hence the
integral of the right-hand side is shown in the image above. This can be re written in
another way which is depicted in the image below. [3]

Definite Integral of both sides in another form [3]
In this image, each term is integrated separately but that is the same as integrating the
whole RHS(right-hand side). Now one can take the coefficients outside the integral sign.
[3]
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Coefficients outside integral sign [3]
Now what we have is the integral from 0 to 2π of cosine or sine of some multiple of (t) dt.
A rule established is that for any non-zero integer m the integral from 0 to 2π of cosine or
sine of some multiple(m) of (t) dt is equal to 0. [3]

All of the parts = 0 are cancelled [3]
Now using the rule stated earlier all of the cancelled out parts will be 0 hence it will be a1,
a2 multiplied by 0, a3 multiplied by 0 and so on. The only term that will not be zero is the
a0 term.[3]

a0 term rearranged [3]

Equation rearranged [3]
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Now we can solve for the a0 term and find its value. The value of a0 is shown below and it
turns out that the value is the average value of the function in the interval of 0 to 2π. [3]

Value of a0 [3]
The cosine and sine waves oscillate between -1 and 1 so we need to shift the oscillation so
it oscillates at the average value of the function instead of where it oscillates originally and
that’s what the a0 term does. The blue line on the image below represents the average
value of the function and that where the cosine and sine waves should oscillate in the
interval 0 to 2π. [3]

Average value of function represented[3]

Now the heat equation and Fourier Transform will be described briefly as both use the
idea of the Fourier series.[3]

Heat Equation

Heat Equation[9]
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This is the heat equation and the gamma here is a constant which depends from material
to material as different materials affect how heat diffuses.[9]

Rod heating up[9]
Some assumptions have to be made. Firstly, the rod is small enough that the across a
certain cross section the temperature is the same. One can take a cross section to be as a
slice of the rod and everywhere o that particular slice the temperature is the same. The
picture below shows the cross section.[9]

Cross section of Rod[9]
Another assumption that has to be made is that the rod is insulated so heat only moves
from left to right. We can now visualise this heat as a graph of temperature against
position.[9]

“Temperature at position x and time t”[9]
One can see that the graph coincides with the rod as the humps represent the hot areas of
the rod and the dip represents the cooler area in between the hot spots. So now what
happens to temperature as time passes.[9]
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What happens to temperature at particular points[9]
In the picture above the arrows represent what happens to the temperature at particular
points. So when the temperature is at its peak it has no option but to cool down as
represented by the blue arrows. The area where the temperature is the lowest no matter
where in time it lives either to the left or to the right the temperature has to increase and
this is represented by the red arrows in the diagram. The purple dots represent the
boundary between areas that will rise in temperature and areas where there will be a
decrease in temperature. These arrows somewhat represent the concavity (curvature/
concave up or down) of this temperature profile. They might not be exactly the same but
they are similar and are proportional to the concavity.[9]

“Change in Temperature is proportional to the concavity of the temperature”

This statement is basically this formula where ut is the change in temperature, gamma is a
constant and uxx is the change in the concavity.[9]

Heat Equation[9]
The sign of gamma can also be found. So when the curve is concave up then the
temperature of the object would increase and hence ut would be positive and so would
gamma and vice versa as well.[9]
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Gamma sign[9]
If gamma is really big then ut would be much larger in proportion to uxx as it is multiplied
by a large constant gamma. Now the idea of thermal diffusivity can be shown as the
difference is large between ut and uxx then heat would diffuse faster and if the difference is
small then heat would diffuse slower. [9] The Fourier series here can be used to solve the
heat equation.

Fourier Transform
The Fourier transform is an extension of the Fourier series as the Fourier transform can
represent a non-periodic signal (not oscillating up and down) as the sum of sine and
cosine waves. The Fourier Transform is just a special case of the Fourier series.

Conclusion
To conclude the Fourier series really was an amazing discovery. It was first invented to
solve the heat equations but now it is seeing itself in many applications. One of them
being signal processing as the Fourier Transform is based off the Fourier series and later
on, wavelets have been made as a result of this movement to analyse signals by breaking
them into known functions. The Fourier series has really changed the physical
mathematical world. This paper described the Fourier series and how the first term is
calculated in it, the paper also explained the heat equation and a brief explanation about
the Fourier transform.
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