Exam 2

Math 353

Summer Term I, 2021 Name:
Friday, June 11, 2021

Time Limit: 75 Minutes

This exam contains 6 pages (including this cover page) and 5 questions. The total number
of points on this exam is 60. While this is a closed book, closed notes exam, you are allowed
to use your one page review sheet, front and back, written on an 8.5 x 11 inch physical piece
of paper in your own handwriting. While your review sheet must have been created with
20th century technology, you may take this exam on a tablet if you like, or on paper.

Show all of your work (on the backs of pages, if necessary) and circle your answers. If
you do not completely solve a problem, explain what you do understand about it. If you
would like to guess about a problem, clearly say so. This will maximize your partial credit.
No collaboration on this exam is allowed. Good luck!

Grade Table (for teacher use only)

Question | Points | Score
1 12
2 12
3 12
4 12
5) 12
Total: 60
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1. (12 points) Consider the differential equation
y'(8) +y(t) = 6(t —m) — o(t — 3m)

with initial conditions y(0) = 0 and y/(0) = 0.
(a) Compute the Laplace transform of both sides of the equation and solve for Y (s).
-Ts é IS

S*Y(E) + i) = €

_ £ -
Yo = SE

(b) Compute y(t) as the inverse Laplace transform of Y(s).

3&3 Uy (£) Sins (£ -) — WU (£) SN (£~3m)

(uﬂ_(ﬂ— Usgy (f\) sin (£-=1)

N

I

(c) Plot y(t) for 0 <t < 47 and describe the behavior of y(t) for large t.
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2. (12 points) Consider the harmonic function u defined in the unit disk 2 + y? < 1 with
boundary conditions v = f(¢) on the unit circle, where f(f) = sin(26), and 6 is the
usual polar coordinate.

Recall that harmonic functions satisfy ug, + 1y, = 0 in 2y coordinates and
Upr + %ur + T%u(gg = 0 in polar coordinates.

(a) Compute u(r,#) in the unit disk in polar coordinates.
w(ne)= H@M
R'@+LR'D+ R@

SN2 g=o

W\H-J

@"+nt® =0 — Q= C\Cos(ﬂe)—f C, sin(nd)
n

= o+ C-,,V-A } nl bu Secthon 57
PR« R ~R=0 — R {c +Co () , =0 (E:?aler'f equafim)
Henc& we. can mafch +he given boundary condifisns with

u () = £28in(20)
(b) Using the fact that z — r cos(6) and y = r sin(6), express u as a function of z and y.
W= T2 2sindcos8
= @ (rcosd)(rsinG)
= 2 XH’

(c) Verify that this function u(x,y) is harmonic by computing u,, + u,,. What is the
value of v when = 1/10 and y = 3/107

(x)ex T (2%9)yy = O*0 =0
b_ 3
W(%y)= 2xy = 2(7%)(733)*‘-",0’0" 50

(oo 0.0é)
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3. (12 points) Suppose a metal rod represented by the interval 0 < z < 1 has an initial
temperature of u(z) = sin (23£) at ¢ = 0. Suppose that u(z, t) satisfies the heat equation

L: l Uy = Ugy

for t > 0, with boundary conditions u(0,t) = 0 (left end being kept at a temperature of
zero) and u,(L,t) = 0 (right end well insulated).

(a) Compute the temperature u(z,t) of the metal rod for ¢ > 0.
| "
w(x,t) = XeaT k) — Ifi) - X_(L‘ - = >\
T X

VI AN =0 —> X(x) = S'“<3EX>
Sohishies this with A= ( )

?772

Tw=-Fr—-T=ce’

‘?172

w(xt) = e—"r Sin (3"3() Solves U= U

ard ke fies Hhe given ;n[ﬁ'ajomﬂ( Aaww(ay
Conditions.

(b) What is the temperature of the metal rod at x = 1 when ¢ = 107

457r1
w (! 10) = — £
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4. (12 points) Let
flz) = % + Z ay cos(nmzx),

n=1

|
a, =2 /01 2% cos(nmx) dr. = § ‘Xl?‘ CoS (f\'WX) dx
-1

where

Hemee, foo = )Xl? for —(sx<] and Aas
Perioot 2

(a) Is f(z) an even function, an odd function, or neither?

E\/er\ -pw\o-hor\ since. it i$ 'H\e, Sum o‘/‘ cosmes
which ore oven .

(b) What is the period of f(z)?

CQJ Sjnce —H@P’y */‘/te Vef“z‘ood 070 Ca?(’lTx)/ efc,

¢) Graph f(x) for —3 <z < 3.

/\/@/\J\;

What is f 5/2 7 |

IEAE $(~+2) f(-%)-
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5. (12 points) In this problem, you are NOT ALLOWED to use any sines or cosines. That
would just make the problem harder anyway. In this problem, —oo < x < o0.

Consider the wave function u(x,t) which is the sum of a left and right traveling wave:

u(z,t) = h(z + at) + k(zx — at).

(a) Compute uy and u,, in terms of h and k. Verif that u(z,t) satisfies the wave
equation uy = auUy,. Uy (%t) = a_h [X"'&f.) al\; (x- o.f)
Ugy(xt) = @h'(x+at)+at k' (x-at)

- a2u Ux(X,t) = h.(xm:e;-*k '(x -at)
et “ U (x;0= R (X+at + k" (x ~at)

(b) Compute u(x,0) and us(x,0) in terms of the single variable functions h and k.
Ulx0)=  he)+kC) <o
Uy (%,0) = a(K()-k'(x) &

(c) Suppose u has initial conditions

u(z,0) = f(z)

(z,0)=g(x) —

for some smooth functions f(z) and g(x). Solve for the corresponding h and k which
give these initial conditions. It is okay if your answer has a definite integral in it (which
I suggest begins at zero, though it doesn’t actually matter).

o (htx) - ko) = {a(blo ~K)ds +C
j‘o" g(s)ds + C

X C
o - k0 =+ So glads * g

+¥09) = £0x) ADD 4o get 2A
ﬁ’\(x) SUBTRACT o 52} 2k.

he) = S 500 + 51 g %,(S)AS * "’
C

k() zaﬁm— 7 §° 9(8)AS — 24

(d) Using part (c), derive a formula for u(z,t) in terms of f and g.
\
w(x,t) = -;:—F (x-ra.at) + Sa %(&‘)M
‘ -
+ —\?-_'Q(X"a*) TS g

(|}

]

n



l Xtat
wixt) = ;'_[F(xm-t)«t-f:[x—a;(:)] t*oa g(S)dS
X-at



